Abstract-We present in this paper a novel accurate method to analyze the performance of an optical link where the amplified spontaneous emission noise, enhanced by a fiber nonlinear phenomenon called parametric gain, is the limiting factor. Our method allows us to compute the exact error probability given a generic noise spectral density at the input of a direct detection optical receiver, using arbitrary optical and electrical filters. We compare our results with those predicted using the standard Gaussian technique (based on the factor), showing that this approximation may lead to significant errors. Our method is then used to evaluate the impact of parametric gain on a realistic long-haul multiwavelength link operating at 10 Gb/s, showing both the system limitation imposed by this phenomenon and the inaccuracy of the factor method.
I. INTRODUCTION
T HE evaluation of the bit error rate (BER) in a standard optical direct-detection receiver, where amplified spontaneous emission (ASE) noise added by in-line erbium-doped fiber amplifiers (EDFAs) is the prevalent noise source, is a quite complex mathematical problem due to the presence of a quadratic element (the photodetector) placed between two filters, the first one being an optical filter whose bandwidth is usually larger than the bit rate, and the second an electrical filter whose bandwidth is close to the bit rate, as shown in Fig. 1 . This situation leads to a highly non-Gaussian noise at the output of the receiver. This problem has been solved in the literature [1] - [4] under the assumption that ASE is a white Gaussian noise, where the real and imaginary noise components are uncorrelated, using a theory based on the Karhunen-Loève (KL) expansion. Moreover, analytical solutions only exist for a few combinations of optical and electrical filters, such as the single-stage Lorentzian optical filter and the integrate-and-dump electrical filter.
On the other hand, in most practical systems, the received ASE noise is nonwhite and may have correlated real and imaginary components. This is due to nonlinear effects such as parametric gain (PG) [5] - [7] , which is induced by the interaction of Paper approved for publication by O. K. Tonguz, the Editor for Optical Transmission Systems of the IEEE Communications Society. Manuscript received July 15, 1999 ; revised July 15, 2000 .
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Publisher Item Identifier S 0090-6778(01)10616-1. fiber Kerr nonlinearity and quadratic dispersion. In wavelength division multiplexed (WDM) systems, the optical signals propagating along the fiber act as a set of pumps and generate spectral regions where small signals may experience PG. In long-haul optically amplified links, signals propagate together with ASE noise, and PG causes optical power to be transferred from signals to spectrally adjacent noise, thus significantly changing the ASE noise spectral shape at the receiver and potentially degrading the system performance.
In this paper, we present a novel method for the evaluation of BER in optical systems where the received noise can have an arbitrary spectral shape and a correlation between the real and imaginary components. The receiver is a standard direct-detection receiver, whose schematic is shown in Fig. 1 . Our method, being based on a properly choosen KL expansion of the input ASE noise, is an extension of the technique originally introduced in [1] for the study of radar noncoherent detection.
The paper is organized as follows. Section II is dedicated to a brief review of PG spectral properties, then in Section III we present our method, its basic assumptions, and the numerical algorithms used to implement it. The method is validated in Section IV by comparisons with accurate time-domain simulations where error-counting techniques are used. Finally, we analyze in Section V a realistic long-haul, WDM system at 10 Gb/s and evaluate the impact of PG in terms of the maximum reachable distance yielding a BER lower than . We also compare our technique with the commonly used Gaussian approximation, showing how the results obtained using the two approaches are significantly different.
II. PG PHENOMENON DESCRIPTION
Using the method described in [6] and [7] , it is possible to obtain a transfer matrix which fully characterizes the PG-induced noise enhancement in a WDM system. Fig. 2 shows the ASE noise spectral gain at the output of a four-channel 50-km-long optical link. Four high-power carriers (40 mW per carrier) are launched into a fiber, together with a spectrally flat ASE noise, modeled as a white Gaussian noise. The channel separation is 100 GHz. Other system parameters are:
[ this graph that PG strongly enhances ASE noise around the optical carriers. In communication systems, the ASE growth can be detrimental since, being spectrally close to the carriers, it cannot be filtered out by the receiver. Moreover, the signal power is reduced due to the transfer of a part of optical power to the noise components. Fig. 3 shows the ASE spectral gain at the output of a system having the same parameters used in Fig. 2 , for 1, 2, and 4 transmitted unmodulates carriers. Due to the gain symmetry around each carrier, only single-sided spectra have been shown. The two components present a completely different behavior. While the in-phase component [ Fig. 3(a) ] has a 0-dB gain at the carrier frequency and it is only marginally affected by the number of channels , the quadrature component [ Fig. 3(b) ] shows a strong gain around the carrier frequency that increases when increasing . The two components also have nonzero cross-power spectra [9] , shown in Fig. 3(c) .
III. SYSTEM MODEL AND ANALYSIS
A schematic diagram of the receiver is shown in Fig. 1 . We assume that the receiver is composed of an optical filter with impulse response , followed by an ideal photodiode and an electrical filter whose impulse response is . Our final goal is the evaluation of the system BER assuming:
• an arbitrary ASE noise spectral density at the receiver, which will be evaluated taking into account the PG noise enhancement [6] ; • absence of intersymbol interference (ISI) at the receiver; • absence of any transient effect, so that the demodulated electrical signal, in the absence of noise, is constant in time (in the complex envelope representation); • receiver electrical noises, both thermal or shot, are not taken into account, since they are usually negligible in systems where ASE noise enhancement is the perfomance limiting factor. These assumptions are realistic for a nonreturn-to-zero (NRZ) ON-OFF modulation. We also assume, for the sake of notational simplicity, that the modulator has an infinite extinction ratio, so that the signal power transmitted for a logical "0" is zero. This assumption could anyway be easily removed. We assume the received signal to be a monochromatic CW, accounting for the useful signal, plus the additive ASE noise. This is the most important assumption of our formalism. Removing this assumption is a very challenging task, as discussed in Section VI.
Due to space limitation, we present here only the formalism for a single polarization model for signal and noise field representation. Regarding PG effects [8] , this approximation is very close to the complete two-polarization model. The complex envelope representation of the received optical signal is thus (1) where is the useful signal term. We choose an analytic signal representation centered at the same frequency and phase of the carrier itself. We assume when a "0" is transmitted and when a "1" is transmitted, being the received signal peak power.
is the in-phase noise component and is the quadrature noise component at the end of the fiber propagation, with respect to the received useful signal. Received noise splitting into the in-phase and quadrature components is essential, since after photodetection the first component gives rise to both noise noise and signal noise, while the second one gives rise to noise noise beat terms only. Moreover, PG noise enhancement acts differently on the two components, as discussed in Section II.
The received noise components are assumed to be stationary and completely characterized by their power spectral density , for the in-phase noise, and for the quadrature noise, and their cross-spectra and . The four spectral densities are grouped in the following power spectral density matrix [9] : (2) It can be shown [6] that . Assuming that , where and is the Fourier transform operator, the carrier propagates unchanged through the optical filter, and the signal at its output has the form (3) where and are the noise components at the output of the optical filter. Their power spectral density matrix is given by [9] (4) where is the transpose and conjugate of the matrix and (5) and are the Fourier transforms of the real and imaginary parts of the optical filter impulse response, respectively. After the photodiode, assuming an ideal square-law detection, the electrical signal has the form (6) and, after the electrical filter , we get the expression of the decision variable as (7) A
. Karhunen-Loève Expansion
In order to proceed with the derivation of the final BER formula, we expand and in the following KL series [2] : (8) where the random variables and are the coefficients of the expansions, while and are two sets of deterministic functions, mutually orthonormal with respect to , where we define the orthonormality condition as (9) and is the Kronecker's delta, defined as
The orthonormality condition used in (9), due to the presence of under the integral operator, is a modified version of the one used in the standard KL theory [10] and turns out to be fundamental for the following derivation.
The KL coefficients can be expressed as (10) As shown in [2] , imposing the condition that the coefficients and be mutually uncorrelated, i.e., and , the sets of orthonormal functions and can be evaluated as the eigenfunctions of the integral equations (11) where is the eigenvalue corresponding to the eigenfunction , and is the eigenvalue corresponding to the eigenfunction . and are the autocorrelation functions of the random processes and , given by (12) where represents the inverse Fourier transform. When the orthonormal functions and satisfy the integral equations (11) , it can be shown that (13) Thus, the sets of random variables and are statistically independent Gaussian random variables with zero mean and variance and , respectively. A description of the numerical methods used to compute the KL eigenfunctions and eigenvalues is reported in Appendix A.
To simplify the derivation, it is useful to introduce the following change of variables: (14) where and are random variables with the same properties as and [1] , due to the stationarity of the input noise random process. Moreover, we need to expand the signal carrier using the eigenfunctions as follows: (15) where (16) Substituting (14) and (15) into (7), we get the following expression of the decision variable:
where we have omitted the prime sign for notation simplicity. Using the orthonormality condition expressed in (9) and omitting the dependence on time due to the stationarity of the processes and , (17) can be finally written in the following compact form:
Even though the two series in (18) have infinite terms, they can be truncated to a suitable number of terms to render the problem numerically tractable, without losing accuracy. Details on the proper choice of are given in Appendix I.
B. Evaluation of the System BER
The purpose of this section is the evaluation of the system BER by integration of the moment generating function (MGF) of the decision variable in (18). In general, and are correlated, and thus . In particular, this situation happens whenever noise is enhanced by PG (see Section II). Therefore, we still have to characterize the correlation . The derivation of the system BER for nonzero cross-power spectrum is one of the main results of our formalism and, to the best of our knowledge, it was never presented before. From (10) 
and (26) Finally, we introduce a new random variable vector defined as (27) and impose its correlation matrix to be diagonal. This condition can be obtained by imposing to be an orthogonal matrix, satisfying (28) and is a diagonal matrix whose nonzero elements are the eigenvalues of . It can be shown that , and thus the decision variable can be alternatively expressed as (29) where (30) The 's turn out to be mutually uncorrelated variables, since their correlation matrix is diagonal. The MGF of the random variable defined in (29) can be written as [11] (31) where the 's are the elements of and the 's are the eigenvalues of , which are equal to the eigenvalues of .
When and are uncorrelated, is a diagonal matrix, whose nonzero elements are the eigenvalues and . Thus, is equal to and is the identity matrix. Since , (31) can be rewritten as (32) Thus, when and are uncorrelated, MGF evaluation is much simpler, because it does neither require the evaluation of the correlation coefficients of the matrix nor the resolution of an eigenvalue problem to find the matrix .
The system BER can finally be evaluated as
where is the decision threshold. Using the Riemann-Fourier inversion formula on the MGF, these probabilities can be evaluated as (34) (35) where is a constant determining the integration path in the complex plane . A description of the numerical methods used to compute these integrals, derived from [3] , is given in Appendix II.
We have also extended the method presented here to take into account the two-polarization nature of the fiber, i.e., its birefringence. The resulting formulas are not shown due to space limitation but are very similar to those presented here except for the fact that all random variables, power spectral densities, and KL expansions need to be duplicated to take into account the orthogonal fields. Moreover, the problem of two-polarization PG propagation in the fiber has a known solution, as shown in [8] .
IV. VALIDATION OF THE METHOD
In order to validate our method, we analyzed the performance of a single-channel, intensity-modulated optical system based on NRZ ON-OFF signaling and direct detection. An analytical solution to BER evaluation exists [12] for this system when the optical filter is an ideal bandpass, the electrical filter is a low-pass integrate-and-dump, and any fiber effect is neglected. In this situation, we found that our method completely matches the results presented in [12] . No previous results are available, on the contrary, when fiber propagation nonlinear effects, such as PG, are taken into account. Thus, we validated our model comparing our results with numerical simulations obtained using the optical system simulator OptSim, which solves the fiber nonlinear propagation equation using a Fourier split-step method [13] .In these simulations, the system BER has been estimated through error counting. The parameters of the analyzed system are shown in Table I under the column labeled "System A." The useful signal together with ASE noise propagate through a single span link, whose dispersion is totally compensated with an ideal grating placed before the receiver. The direct-detec- Fig. 4 . BER versus SNR for systems described in Table I , column A. Comparison of the BER for the following models is given: linear propagation and KL method; single and double polarization nonlinear propagation and KL method; complete numerical fiber simulation and error counting.
tion receiver is composed of a Lorentzian optical filter, followed by an ideal photodetector and an integrate-and-dump electrical filter. Receiver electrical noise has not been taken into account. BER is evaluated versus the signal-to-noise ratio (SNR) at the input of the fiber, defined as (36) where is the average energy per bit, is the signal peak power, is the bit rate, and is the two-sided spectral density of the ASE noise considering linear propagation, i.e., without PG noise enhancement. In order to significantly compare the effects of PG with respect to the linear propagation case, we change the SNR at the input of the fiber by varying the input ASE noise level , while keeping the signal power fixed at 50 mW (see Table I ).
In Fig. 4 , the BER curves obtained through error counting, and through our technique when applied to a single-and doublepolarization case, are compared to the ideal linear curve. We choose a setup where PG is relevant due to the high signal power at the input of the fiber (50 mW) and to the anomalous dispersion of the fiber , so that the penalty due to PG is approximatively 1.3 dB. We see that the difference between our technique and the error-counting curve is quite small, both for the single-polarization model, which turns out to be a tight lower bound, and the two-polarization model, which on the contrary is a tight upper bound. The validity of our method has been further tested on several other system scenarios, obtaining similar results. BER values obtained through simulation have been limited to , a value that requires the simulation of at least 10 bits to give a reliable result with Monte Carlo error-counting techniques and is thus already extremely time-consuming in terms of required CPU time.
As long as the convergence of our method is concerned, the only critical issue is the proper choice of the number of terms of the numerical KL expansion. As a rule of thumb, as shown in Appendix II, we start from equal to twice the ratio between the optical and electrical filter bandwidths, then we increase until a convergence of the BER to a stable value is found.
V. SYSTEM IMPACT OF PARAMETRIC GAIN
Parametric gain strongly affects the received ASE noise spectral properties, mainly enhancing the quadrature component noise and introducing a correlation between the two noise components, as shown in Section II. This behavior leads to a system impact in terms of BER that may be somehow difficult to be interpreted, particularly when comparing our results with those obtained through the commonly used Gaussian approximation, based on the parameter, defined as , where and are the mean and standard deviation of the decision variable when a logical "1" or "0" are transmitted, respectively. Under this approximation, the BER is given by (37) This approximation is extensively used in experiment, theory, and simulation of the performance of optical systems. In the following, we will indicate our approach as the "KL method," while the method based on the factor will be called the "Gaussian approximation."
As a first insight to this problem, we schematically represent in Fig. 5 the received optical signal in the phasor plane. The plot reports a vector representation of the received signal and noise components, together with their bidimensional probability density function (PDF) contour plots. This PDF can be expressed as a bidimensional Gaussian distribution and its contour plots look like rotated ellipses [9] , whose semiaxes are related to the variance of the two components and the rotation is proportional to the correlation between the two noise components. This pictorial representation intuitively shows that:
• the noise quadrature component alone cannot induce the resulting vector to be below the direct-detection decision threshold, which appears as a circle around the origin in this representation, and thus can never by itself generate errors; • the enhancement of the quadrature component stretches the contour plots along the quadrature axis Fig. 6 . PDF of the electrical signal after photodetection for the system described in Table I , column A, when a "0" or a "1" is transmitted. Solid lines refer to the KL method and dashed lines to the Gaussian approximation.
to modify the PDF of the decision variable after photodetection in a nontrivial way; • the correlation between the noise components, which graphically corresponds to a rotation of the contour plots, may significantly affect BER performance. In order to quantitatively demonstrate these results, Fig. 6 shows the PDF of the decision variable for the system described in Table I , under the column labeled "System A," and compares it to the one obtained using a Gaussian approximation, where the PDF is a Gaussian with the same mean and variance of the distribution evaluated using our method. The main differences are present when a "1" is transmitted. The resulting PDF is strongly asymmetrical around its mean value, since it presents a large and slowly decreasing tail for abscissa larger than the mean value, while an abrupt decrease characterizes the opposite side. The correct characterization of this random variable shows how its PDF is poorly approximated by a Gaussian shape and justifies the following results. For the same system, Fig. 7 shows the BER versus the normalized threshold [12] (38) Curves (a) and (b) report results obtained using our method and the Gaussian approximation when no PG is present and show the well-known result [12] that in this case the Gaussian approximation yields to BER values very close to the exact ones, but gives a significantly incorrect optimal decision threshold. On the contrary, curves (c) and (e) report the same plots, but when PG is taken into account. Clearly, the Gaussian approximation fails to correctly estimate both the BER value, by order of magnitude, and the optimal decision threshold. Finally, curve (d) refers to the KL method without taking into account the noise cross correlation. The significant difference between curves (c) and (d) justifies the increase of computational complexity required when cross correlation is taken into account.
The Gaussian approximation inaccuracy is mainly due to the increase of quadrature noise due to PG, and in the resulting Fig. 7 . BER versus the normalized threshold defined in (38) for the system described in Table I , column A. Curves (a) and (b): linear propagation, BER evaluated using the KL and Gaussian methods. Other curves consider nonlinear propagation: (c) BER evaluated using the KL method with cross correlation, (d) KL neglecting cross correlation, and (e) Gaussian method. strong asymmetry in the decision variable PDF (see Fig. 6 ), which significantly diverges from a Gaussian PDF on the distribution tails. In order to prove this thesis, we analyze an ideal situation where both the in-phase and quadrature noise components are white Gaussian uncorrelated processes, and the quadrature component experiences a fictitious and spectrally flat gain . In Fig. 8 we report BER versus . When is equal to 0 dB, the quadrature noise power spectrum is equal to the in-phase noise power spectrum. The plot shows the resulting BER for the KL (solid line) and Gaussian (dashed line) methods. While the Gaussian method predicts a performance degradation, the system performance actually improves for the KL analysis when the quadrature gain
increases. This simple example shows the unusual features of a direct detection receiver with enhanced quadrature noise, i.e., a decreasing Fig. 9 . Maximum distance giving P(e) 10 as a function of the total transmitted peak power for a four-channel 10-Gb/s system compensated every N spans (other system parameters are shown in Table I , column B). Solid curves refer to the KL method, dashed curves to the Gaussian approximation. BER value for increasing noise level, and clearly shows the limitation of the Gaussian method in this situation. To avoid confusion, the reader should be reminded that this is just an ideal, nonphysical example, since in most practical cases the PG effect leads to BER performance degradation, as shown in the following section.
A. Performance of a Realistic Long-Haul System
As an example of the applications of our method, we analyze the performance of a typical long-haul system. We studied an IM-DD system where four channels at 10 Gb/s are transmitted over an optically amplified link. EDFAs are placed every 70 km. The receiver is composed of a Lorentzian optical filter, followed by an ideal photodetector and an integrate-and-dump electrical filter. System parameters are reported in Table I , under the column labeled "System B." Dispersion has been supposed to be completely compensated every fiber spans. We analyze the system performance varying the compensation parameter and the total transmitted power, and we evaluate in each situation the distance where the error probability exceeds , a typical reference value for long-haul links. ASE noise is propagated as in [6] . In particular, we have to take into account pump depletion due to the transfer of power from the useful signal to noise, since the undepleted pump approximation would be unrealistic in this long-haul scenario.
Results are shown in Fig. 9 , where the maximum length has been plotted versus the total transmitted power using the Gaussian approximation (dashed curves), and the KL method (solid curves). Curves (a) and (b) refer to the case of dispersion compensated every span , while for curves (c) and (d). These plots show the detrimental effects of PG in a realistic situation and demonstrate how the Gaussian approximation is too pessimistic whenever PG becomes relevant. Moreover, Fig. 9 shows that the Gaussian approximation also fails in optimizing the transmitted power.
VI. DISCUSSION AND CONCLUSION
In this paper, we have introduced a novel method to evaluate the BER in optical systems where ASE noise is the limiting factor. After validating this technique by comparison with simulation results, we have showed the unreliability of BER evaluation based on the widely used Gaussian approximation. Then, we have studied the system impact of PG in long-haul, optically amplified links, and we have for the first time pointed out the impact of the quadrature noise on system performance. The detailed formalism we have introduced shows that any experimental or theoretical study based solely on Gaussian approximation is potentially unreliable.
The authors are actively working in trying to extend the method to arbitrarily modulated signals, i.e., to remove the CW approximation on the useful signal. The main difficulties related to this task are threefold. First, the KL expansion method should be modified in order to take into account a received time-dependent useful signal. We have solved this problem in case of stationary and Gaussian noise in [15] . Second, a method that allows modeling the PG effect for a time-dependent pump should be found. It requires solving a nonlinear stochastic partial differential equation. This problem is still largely to be studied. A preliminary approach can be found in [16] , but research is still required in this field. Third, the KL expansion should be modified to take into account not only a time-varying signal, but also a nonstationary (and potentially non-Gaussian) noise. We believe that our formalism can be the basis for further study on methods to estimate system performance in optical systems both in simulation and theoretical work.
APPENDIX I NUMERICAL EVALUATION OF AND
Equation (11) are linear homogeneous Fredholm equations of the second kind. The numerical method we used to solve them is based on Gaussian quadrature rules [14] , which can be generically written as (39) are sets of properly chosen weights and abscissas (see, for example, [14] ).
Applying a quadrature rule to the first equation in (11), we obtain (40) If we discretize the time variable over the same grid chosen for the abscissas , we can rewrite the equation as (41) . This equation can then be given a matrix notation as (42) where (43) is a square matrix whose colums contains eigenfuctions of the first Fredholm equation in (11) , discretized over samples evaluated in . Equation (42) is an algebraic eigenvalue problem on this matrix and can be solved using standard numerical routines [14] .
Regarding (19), it can be shown to be equivalent to
In fact, (19) can be obtained by applying the integral to (44). Applying the same quadrature rule used for (41), we obtain (45)
. In matrix notation, we have (46) where (47) We have thus obtained a linear system with unknown that can be solved by inverting the matrix to yield (48) Finally, we calculated the coefficients using the formula (49)
Using this method, all the unknowns of the KL expansion can then be evaluated by solving two algebraic eigenvalue problems and an algebraic linear system on matrices.
APPENDIX II NUMERICAL EVALUATION OF THE CUMULATIVE DISTRIBUTION INTEGRALS
It can be shown that the integrand of (34) possesses a saddlepoint on the negative real axis between the integrand rightmost negative pole and 0, and (35) possesses a saddlepoint on the positive real axis. We have searched for the saddlepoints by minimizing in the range 
10
, and (c) 10 .
for (34) and in the range for (35), by means of the Golden Section Algorithm [14] . If we substitute with in (35), we obtain (50)
while, substituting with in (35), we obtain (51)
Integrals in (50) and (51) have been evaluated using Simpson's rule [14] . The convergence of the numerical algorithm is shown in Fig. 10 , for the system described in Table I , column A, for three different SNR values. The BER is plotted versus the number of abscissas of the quadrature rule in (39), which is also equal to the number of eigenvalues of the KL expansion. Convergence is obtained in this situation for . In general, it can be shown [3] that is closely related to twice the ratio between the optical and electrical filter bandwidths.
